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Abstract
In this paper, we obtain some oscillation criteria for the first order delay differential equation with
distributed delay
x′(t)+
b(t)∫
0
R(t, s)x(t − s) dµ(s)= 0.
By applying these results, we also establish some integral conditions for oscillation of the higher
order delay differential equations.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
In the recent literature, there have been numerous results on the oscillation for delay
differential equation with discrete delays; see, for example, papers [1,4,8–15,17–23],books
[5,7,16] and references therein. But only a relatively few publications on oscillation for
delay differential equation with distributed delay are found; see [2,3] and references cited
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368 X.H. Tang / J. Math. Anal. Appl. 289 (2004) 367–378therein. In present paper, we consider the following first order delay differential equation
with distributed delay
x ′(t)+
b(t)∫
0
R(t, s)x(t − s) dµ(s)= 0, (1.1)
where b(t) > 0 and µ(s) are nondecreasing function [t0,∞) and t − b(t)→∞ as t →∞,
R(t, s) is piecewise continuous on [t0,∞)×[0, b(t)]. Two of the special forms of Eq. (1.1)
are the first order delay differential equation with single delay
x ′(t)+ p(t)x(t − τ )= 0 (1.2)
and the first order delay differential equation with several delays
x ′(t)+
n∑
i=1
pi(t)x(t − τi)= 0, (1.3)
where p(t)  0, pi(t)  0 are piecewise continuous functions, and τ, τi are positive con-
stants.
For Eq. (1.2), two well-known oscillation criteria are
lim inf
t→∞
t∫
t−τ
p(s) ds >
1
e
(1.4)
obtained by Ladas [13] and Koplatadze and Chanturia [10], and
lim sup
t→∞
t∫
t−τ
p(s) ds > 1 (1.5)
obtained by Ladas et al. [14]. Integral conditions like (1.4) and (1.5) have been employed
extensively in the study of the oscillatory properties of various functional differential equa-
tions. When the limit limt→∞
∫ t
t−τ p(s) ds does not exist, there is an obvious gap between
1/e and 1; in the recent literature [9,11,16–21], the authors devoted to fill in the gap and
established numerous oscillation criteria for Eq. (1.2) which fit the case when conditions
(1.4) and (1.5) do not hold. For Eq. (1.3), Li [18] established a good integral condition
lim inf
t→∞
n∑
i=1
t+τi∫
t
pi(s) ds >
1
e
, (1.6)
which is the extension of (1.4) in the case of several delays. For other relevant results, the
reader is referred to Arino and Györi [1], Cheng [4], Hunt and Yorke [8] and Ladas and
Stavroulakis [15]. However, to the best of my knowledge, it has not been obtained that the
corresponding to condition (1.6) like
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t→∞
n∑
i=1
t+τi∫
t
pi(s) ds > 1, (1.7)
which is the extension of (1.5) in the case of several delays.
In this paper, motived by the work of Li [18] for delay differential equation (1.3) with
several delays, we first extend condition (1.6) to Eq. (1.1) with b(t) ≡ b, then establish
a new oscillation criterion which is an extension of (1.5) in the case of distributed delay,
and condition (1.7) is also obtained as a corollary of our results. In the final, by applying
the obtained results to the first order nonlinear delay differential equation with distributed
delay
x ′(t)+
b∫
0
R(t, s)f
(
x(t − s)) dµ(s)= 0, (1.8)
and the higher order delay differential equations
x(m)(t)= (−1)m
n∑
i=1
pi(t)x(t − τi), (1.9)
we can obtain the following new interesting integral oscillation criteria (m odd) or bounded
oscillation criteria (m even)
lim inf
t→∞
n∑
i=1
t+τi∫
t
(s − t)m−1pi(s) ds > (m− 1)!
e
(1.10)
and
lim sup
t→∞
n∑
i=1
t+τi∫
t
(s − t)m−1pi(s) ds > (m− 1)!, (1.11)
where b > 0, m is a positive integer, f (x) is a continuous function in (−∞,∞), and
R(t, s),µ(s),pi(t), τi are the same as the above. For the related results see [11] and refer-
ences [43,48,50,65,66] therein.
2. Main results
In this section, we mainly consider the oscillation of Eq. (1.1).
Theorem 2.1. Assume that
lim sup
t→∞
b(t)∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ > 1. (2.1)
Then every solution of Eq. (1.1) oscillates.
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creasing solution x(t). Let T0 > t0 such that
x
(
t − b(t))> 0 and x ′(t) 0, t  T0.
Let T > t0 such that T − b(T ) > T0. Then integrating (1.1) from T to ∞, we have
x(T )
∞∫
T
dt
b(t)∫
0
R(t, s)x(t − s) dµ(s)
b(T )∫
0
dµ(s)
∞∫
T
R(t, s)x(t − s) dt
 x(T )
b(T )∫
0
dµ(s)
T+s∫
T
R(t, s) dt.
It follows that
b(T )∫
0
dµ(s)
T+s∫
T
R(t, s) dt  1, T − b(T ) T0,
and so
lim sup
t→∞
b(t)∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ  1,
which contradicts (2.1) and completes the proof. ✷
From Theorem 2.1, we have immediately
Corollary 2.1. Assume that (1.7) holds. Then every solution of Eq. (1.3) oscillates.
Theorem 2.2. Let b(t)≡ b > 0. Assume that there exists a > 0 such that
lim sup
t→∞
b∫
a
dµ(s)
t+s∫
t
R(θ, s) dθ > 0 (2.2)
and
∞∫
t0
( a∫
0
R(t, s) dµ(s)
)
ln
[
e
a∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ
+ 1− sign
( a∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ
)]
dt =∞. (2.3)
Then every solution of Eq. (1.1) oscillates.
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creasing solution x(t). Let T0 > 0 such that
x(t − b) > 0 and x ′(t) 0, t  T0.
Set λ(t)=−x ′(t)/x(t). Then λ(t) 0 for t  T0 and
λ(t)=
b∫
0
R(t, s) exp
( t∫
t−s
λ(θ) dθ
)
dµ(s), t  T0 + b. (2.4)
Let
A(t)= e
a∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ + 1− sign
( a∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ
)
.
It is easy to verify the inequality
ϕ(r)rex  ϕ(r)x + ϕ(r) ln[er + 1− sign(r)] for r  0, x ∈ (−∞,∞), (2.5)
where ϕ(0) = 0 and ϕ(r) > 0 for r > 0. Note that ∫ a0 dµ(s) ∫ t+st R(θ, s) dθ = 0 implies
dµ(s)
∫ t+s
t R(θ, s) dθ = 0. Hence, applying (2.5) to (2.4), we have
λ(t)
a∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ 
a∫
0
R(t, s)
[ t∫
t−s
λ(θ) dθ + lnA(t)
]
dµ(s),
t  T0 + b,
or
λ(t)
a∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ −
a∫
0
R(t, s) dµ(s)
t∫
t−s
λ(θ) dθ
 lnA(t)
a∫
0
R(t, s) dµ(s). (2.6)
Then for N > T > T0 + b, we have
N∫
T
λ(t) dt
a∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ −
N∫
T
dt
a∫
0
R(t, s) dµ(s)
t∫
t−s
λ(θ) dθ

N∫
T
lnA(t) dt
a∫
0
R(t, s) dµ(s). (2.7)
By interchanging the order of integration, we find
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T
dt
a∫
0
R(t, s) dµ(s)
t∫
t−s
λ(θ) dθ 
a∫
0
dµ(s)
N∫
T
R(t, s) dt
t∫
t−s
λ(θ) dθ

a∫
0
dµ(s)
N−s∫
T
λ(θ) dθ
θ+s∫
θ
R(t, s) dt 
N−a∫
T
λ(θ) dθ
a∫
0
dµ(s)
θ+s∫
θ
R(t, s) dt
=
N−a∫
T
λ(t) dt
a∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ.
Substituting this into (2.7), we have
N∫
N−a
λ(t) dt
a∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ 
N∫
T
lnA(t) dt
a∫
0
R(t, s) dµ(s). (2.8)
In view of the proof of Theorem 2.1, we have
a∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ 
a∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ  1, t  T0 + b. (2.9)
Then by (2.7) and (2.9), we have
N∫
N−a
λ(t) dt 
N∫
T
lnA(t) dt
a∫
0
R(t, s) dµ(s)
or
ln
x(N − a)
x(N)

N∫
T
lnA(t) dt
a∫
0
R(t, s) dµ(s). (2.10)
In view of (2.3),
lim
t→∞
x(t − a)
x(t)
=∞. (2.11)
On the other hand, by (1.1) and by using the nonincreasing of x(t) in [T0,∞), we have
x ′(t)+ x(t − a)
b∫
a
R(t, s) dµ(s) 0, t  T0 + b. (2.12)
Let m be a positive integer such that ma  b. Then it follows from (2.2) that
lim sup
t→∞
b∫
a
dµ(s)
t+ma∫
t
R(θ, s) dθ > 0,
which implies that there exists an integer k with 0 k m− 1 such that
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t→∞
t+(k+1)a∫
t+ka
dθ
b∫
a
R(θ, s) dµ(s)
= lim sup
t→∞
b∫
a
dµ(s)
t+(k+1)a∫
t+ka
R(θ, s) dθ > 0. (2.13)
Similar to the proof of [18, Lemma 1], by (2.12) and (2.13), we can conclude that
lim inf
t→∞
x(t − a)
x(t)
<∞,
which contracts (2.11) and completes the proof. ✷
Similarly, we can prove the following theorem.
Theorem 2.3. Let b(t)≡ b > 0. Assume that there exists a > 0 such that
lim inf
t→∞
b∫
a
dµ(s)
t+s∫
t
R(θ, s) dθ > 0 (2.14)
and
∞∫
t0
( b∫
0
R(t, s) dµ(s)
)
ln
[
e
b∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ
+ 1− sign
( b∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ
)]
dt =∞. (2.15)
Then every solution of Eq. (1.1) oscillates.
Corollary 2.2. Let b(t)≡ b > 0. Assume that
lim inf
t→∞
b∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ >
1
e
. (2.16)
Then every solution of Eq. (1.1) oscillates.
Proof. First, we claim that there exists a ∈ (0, b) such that
lim sup
t→∞
b∫
a
dµ(s)
t+s∫
t
R(θ, s) dθ > 0 (2.17)
and
lim inf
t→∞
a∫
dµ(s)
t+s∫
R(θ, s) dθ >
1
e
(2.18)
0 t
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lim inf
t→∞
b∫
a
dµ(s)
t+s∫
t
R(θ, s) dθ > 0. (2.19)
Let c > 0, T > 0 and 0 < a(t) < b such that
b∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ >
1
e
+ 2c, t  T ,
and
a(t)∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ = 1
e
+ c, t  T .
Hence, if lim inft→∞ a(t) = b, then there is a ∈ (0, b) such that (2.19) holds; if
lim inft→∞ a(t) < b, then there is a ∈ (0, b) such that (2.17) and (2.18) hold. Now by The-
orem 2.2 or 2.3, (2.17) and (2.18) or (2.19) imply that every solution of Eq. (1.1) oscillates.
The proof is complete. ✷
Remark 2.1. In [2], the authors established the main oscillation criterion
lim inf
t→∞
b∫
0
sR(t, s) dµ(s) >
1
e
, (2.20)
which is the extension of the oscillation condition for Eq. (1.3),
lim inf
t→∞
n∑
i=1
τipi(t) >
1
e
, (2.21)
obtained by Hunt and York [8]. But (2.16) is the extension of the integral condition (1.6)
for Eq. (1.3).
In view of the proofs of Theorems 2.1 and 2.2, we have
Corollary 2.3. Assume that either (2.16) or
lim sup
t→∞
b∫
0
dµ(s)
t+s∫
t
R(θ, s) dθ > 1 (2.22)
holds. Then the corresponding inequality of Eq. (1.1)
x ′(t)+
b∫
0
R(t, s)x(t − s) dµ(s) 0 (2.23)
has no eventually positive solutions.
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x ′(t)+ r
π/2∫
0
[
1+ sin(t + s)]x(t − s) ds = 0, (2.24)
where R(t, s)= r[1+ sin(t + s)] and µ(s)= s. By a simple calculation, we have
π/2∫
0
ds
t+s∫
t
R(θ, s) dθ = r
(
π2
8
+ cos t
)
.
Hence,
lim sup
t→∞
π/2∫
0
ds
t+s∫
t
R(θ, s) dθ = r
(
π2
8
+ 1
)
.
By Theorem 2.1, if r > 8/(π2 + 8), then every solution of Eq. (2.24) oscillates.
3. Some applications
From (2.16) or (2.22), it is easy to conclude that
∞∫
t0
dt
b∫
0
R(t, s) dµ(s)=∞.
Hence, if f (x) satisfy xf (x) > 0 for x = 0, then every nonoscillatory solution of Eq. (1.8)
is eventually monotone and tends zero as t →∞. By a standard inference, we have the
following theorem.
Theorem 3.1. Assume that
xf (x) > 0 for x = 0 and lim inf
x→0
f (x)
x
 1. (3.1)
If either (2.16) or (2.22) holds, then every solution of Eq. (1.8) oscillates.
By applying Theorem 3.1 to delay logistic equation with distributed delay
x ′(t)+ [1+ x(t)]
b∫
0
R(t, s)x(t − s) dµ(s)= 0, t  t0, (3.2)
we have the following corollary immediately.
Corollary 3.1. Assume that either (2.16) or (2.22) holds. Then every solution of Eq. (3.2)
satisfying initial condition
x(t)= φ(t), φ ∈C([t0 − b, t0], [−1,∞)), and φ(t0) >−1 (3.3)
oscillates.
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and also obtained oscillation condition (2.20).
Theorem 3.2. Let m> 1 is an odd integer. Assume that either (1.10) or (1.11) holds. Then
every solution of Eq. (1.9) oscillates.
Proof. For the sake of contradiction, assume that Eq. (1.9) has an eventually positive
solution x(t). Then by Kneser’s theorem [5,7,16], there exist an even integer l with
0 l m− 1 and T > 0 such that
x(j)(t) > 0, j = 0, . . . , l, and
(−1)l+j x(j)(t) 0, j = l + 1, . . . ,m− 1, t  T . (3.4)
Hence, by Taylor’s formula, we have
x(s − τi)=
l−1∑
k=0
x(k)(t − τi)
k! (s − t)
k + x
(l)(ξ)
l! (s − t)
l
 x
(l)(s − τi)
l! (s − t)
l, s > t > T + τ, (3.5)
where τ =max{τ1, τ2, . . . , τn}. Integrating (1.9) m− l− 1 times from t > T + τ to ∞ and
using (3.4), we have
x(l+1)(t)+ 1
(m− l − 2)!
n∑
i=1
∞∫
t
(s − t)m−l−2pi(s)x(s − τi) ds  0, t  T + τ.
Substituting (3.5) into the above and using the fact (m− 2)! l!(m− l − 2)!, we have
x(l+1)(t)+ 1
(m− 2)!
n∑
i=1
∞∫
t
(s − t)m−2pi(s)x(l)(s − τi) ds  0, t  T + τ.
Let y(t)= x(l)(t). Then y(t) > 0 for t  T and
y ′(t)+ 1
(m− 2)!
n∑
i=1
∞∫
t
(s − t)m−2pi(s)y(s − τi) ds  0, t  T + τ,
which implies
y ′(t)+ 1
(m− 2)!
n∑
i=1
τi∫
0
(τi − s)m−2pi(t − s + τi)y(t − s) ds  0,
t  T + τ. (3.6)
Let b = τ , R(t, s)=∑ni=1(τi − s)m−2pi(t − s + τi)χ[0,τi ]/(m− 2)! and µ(s)= s. Then
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0
dµ(s)
t+s∫
t
R(θ, s) dθ = 1
(m− 2)!
n∑
i=1
τi∫
0
(τi − s)m−2 ds
t+s∫
t
pi(θ − s + τi) dθ
= 1
(m− 2)!
n∑
i=1
τi∫
0
(τi − s)m−2 ds
t+τi∫
t+τi−s
pi(θ) dθ
= 1
(m− 1)!
n∑
i=1
t+τi∫
t
(s − t)m−1pi(s) ds.
Hence, by Corollary 2.3, (1.10) or (1.11) implies that inequality (3.6) has no eventually
positive solution. This contradiction completes the proof. ✷
Remark 3.2. When n= 1, the same condition as (1.10) was obtained in [6, Theorem 4.1].
In fact, only the condition as (1.11) with n= 1 was proved in [6].
When m> 1 is an even integer, Eq. (1.9) has always an unbounded eventually positive
solution; see [5, Theorem 5.1.7]. By a similar proof of Theorem 3.2, we have the following
Theorem 3.3. Let m> 1 is an even integer. Assume that either (1.10) or (1.11) holds. Then
every bounded solution of Eq. (1.9) oscillates.
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